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Abstract
Parallel plate chambers are frequently used to examine the response of biological cells to a constant wall shear stress.
However, the stress can vary more than 80% across the chamber due to end eﬀects. Earlier estimates of the magnitude
of this inhomogeneity used boundary layer theory and experiments. Here, the full equations for steady, three-dimensional ﬂow in a novel parallel plate device were solved numerically and used to identify an active test region where the
shear stress is within 5% of a constant value. Endothelial cells can be conﬁned to this region to assure a nearly uniform
shear stress exposure.
Ó 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction
There is substantial evidence to support the hypothesis that hemodynamics play an important role in the
initiation and development of vascular diseases including atherosclerosis (see, e.g., [1–3]), cerebral aneurysms
(see, e.g., [4–6]), post-stenotic dilations [7] and arteriovenous malformations [8]. It is now understood that the
ability of the endothelial cells that line our arteries to
perceive changes in these hemodynamic stresses and
respond appropriately is critical to the maintenance and
health of the arterial wall [9]. Endothelial cells also play
a role in the patency of vascular grafts [10] as well as the
viability of tissue engineered blood vessels [11,12].
Earlier research has shown that the endothelial cell
response to ﬂow is varied and highly sensitive to the
temporal and spatial form of the hemodynamic stress
(see, e.g., [13–16]). This response includes changes in cell
shape and alignment, modiﬁcations in cell turnover rate,
changes in activation of ion channels, alterations in in-
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tracellular calcium concentration, intercellular signaling,
gene expression changes at the level of transcription
and protein synthesis (see, e.g., [17–19], and references
therein). This local response by the endothelial cells can
trigger a cascade of large scale events such as vasoregulation [20] and arterial wall remodeling [21].
The complexity of arterial geometry and resolution
limitations of current technology for measuring wall shear
stress and pressure, severely limit in vivo studies of arterial wall response to shear stress. These limitations and
the desire to run controlled studies of the response of
endothelial cells rather than the bulk response of the arterial wall led to the development of a number of in vitro
ﬂow chambers. In addition, in vitro systems for analyzing
the biological eﬀects of shear stress allow for recovery of
far more cellular material for analysis than do methods
which utilize in vivo or ex vivo approaches. A variety of in
vitro ﬂow chamber designs have been utilized for exposing cultured cells to speciﬁc ﬂow ﬁelds including parallel
plate geometries [22–26], capillary tube geometries [27,28]
and cone-and-plate geometries [29–31]. Researchers
continue to use these ﬂow chambers to identify gene
products and signal transduction pathways involved in
the biological response of cells to hemodynamic stress.
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In classical parallel plate ﬂow chambers, ﬂuid is driven through a channel formed by two parallel plates,
ﬂowing over endothelial cells cultured on either a subsection or the entire surface of one plate. When evaluating the data from these chambers, it is assumed that all
cells are exposed to nearly the same shear stress. In
particular, it is assumed that throughout the region where
the cells are grown the relationship between the wall
shear stress and the volume ﬂow rate Q is in some sense
close to that for two-dimensional, steady, fully developed ﬂow between two inﬁnite parallel plates,
sfd 2D ¼

6Ql
;
wh2

ð1Þ

where l is the ﬂuid viscosity, w is the channel width and
h is the channel height. In reality the wall shear stress is
not constant throughout the ﬂow chamber due to eﬀects
of the lateral walls and the ﬂuid reservoirs at the inlet
and outlet of the channel.
As shown in Section 4.1.2, even for nearly fully developed ﬂow in typical parallel plate ﬂow chambers, cells
near the wall will be exposed to values of shear stress
<80% of that expected from (1) under the same ﬂow
rate. The deviation can be even larger near the reservoirs. The response of cells exposed to the altered shear
stress in these regions can contaminate the data. Even if
these cells are not included in the data analysis, or do
not signiﬁcantly contaminate the data, these cells can
inﬂuence the response of other cells via cell-to-cell communication.
Cell–cell communication by the vascular endothelium occurs both between endothelial cells and also with
circulating leukocytes and underlying smooth muscle
cells. These processes play an important role in vessel
wall homeostasis as well as arterial diseases such as
atherosclerosis [32]. The mechanism by which interendothelial cell communication occurs is through both
humoral exchange and via gap junctions. Regulation of
gap junction expression is known to be inﬂuenced by
both shear stress [14,33] and mechanical stretch [34]. In
many organs, such as the heart, gap junctions play key
roles in coordinating cellular function, by providing a
pathway for passage of electrical and/or secondary
messenger signals from one cell to another [35].
Previous researchers have noted the importance of the
non-homogeneity of the shear stress ﬁeld and attempted
to estimate its signiﬁcance. In most cases, results from
boundary layer theory were used to estimate the eﬀect of
inlet reservoir on the ﬂow ﬁeld [23–25,36]. However, as
discussed Section 4.1.1, the Reynolds numbers for typical
ﬂow chamber test conditions are below the range appropriate for boundary layer theory. In addition, with
the exception of the ﬂow chamber designed by Ruel et al.
[36] the entrance proﬁle is typically quite diﬀerent from
the uniform proﬁle assumed for this theory. In the numerical studies here, we found boundary layer theory

signiﬁcantly underestimates the entrance region for typical ﬂow chamber test conditions.
Several authors have also recognized the need to
evaluate the eﬀect of the lateral walls in addition to the
eﬀect of the inlet reservoir. Ruel et al. [36] approximated
the eﬀect of the lateral walls using results from boundary
layer analysis for steady ﬂow over a ﬂat plate. As shown
below, there is an exact solution for fully developed ﬂow
in a channel that can be used instead of this rough approximation and provides qualitatively diﬀerent estimates of the eﬀects of the lateral wall. Ruel et al. [36]
used dye injection and Nauman et al. [25] used glass
spheres as particle markers to verify that the streamlines
were parallel to the lateral chamber walls. This is a
necessary condition for the ﬂow to obey (1), however, it
is not a suﬃcient condition. Nauman et al. [25] went on
to use particle image velocimetry to evaluate the variation in the velocity ﬁeld across the ﬂow chamber and
concluded that the velocity ﬁeld is uniform across the
chamber width. This is inconsistent with the analytical
solutions below, though, as noted by the authors, the
accuracy of their measurements in this challenging experiment was limited by the relatively large diameter of
the particles, approximately one-third of the channel
height.
In the current work, we take a more quantitative
approach. With the increase in computational resources
and improvement in numerical algorithms during last
decade, it is now possible to solve the full Navier–Stokes
equations in complex three-dimensional geometries such
as the ﬂow chamber considered here, despite the extremely small ratio of channel height to width. We perform a three-dimensional computational ﬂuid dynamic
analysis on a novel ﬂow chamber to determine the velocity ﬁeld throughout the device including inlet and
outlet ports, two reservoirs and the channel region,
Section 4.2. As a result, it is unnecessary to assume the
inlet proﬁle for the channel region is uniform or to make
boundary layer assumptions. In fact, one of the focuses
of this work is to evaluate chamber reservoir designs. We
use these results to calculate the wall shear stress in the
channel and to identify what we call an active test region
(ATR) where the wall shear stress is within a chosen
percentage of the idealized constant value given in (1).
During culture, endothelial cells will be conﬁned to this
region to assure a close to uniform exposure to wall shear
stress. The computational analysis is complimented by
an analytic study of the eﬀect of the lateral walls far from
the inlet and outlet regions.
The novel ﬂow chamber introduced in Section 2.1 is
based on a chamber developed by Frangos et al. [24].
Modiﬁcations were introduced to test a larger quantity
of cells, to provide a simple mechanism for conﬁning
cells to the ATR, to provide a simpler method for
maintaining a uniform channel height h and to allow for
three distinct test regions within the same chamber. In
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this post-genomic era most methods for analysis of the
dynamic regulation of the genome (for example by
globally measuring mRNA and/or protein levels) require
large numbers of cells. For example, global assays for
transcription such as oligonucleotide microarrays typically require a minimum of 5 lg of total RNA which
may require upwards of 1  106 vascular endothelial
cells. Other methods such as serial analysis of gene expression may require three to four times this amount.
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Fig. 2. Cross section of ﬂow chamber in yz plane.

2. Parallel-plate ﬂow chambers
2.1. Novel ﬂow chamber
A schematic of the ﬂow chamber introduced in this
work is shown in Fig. 1 and brieﬂy described here. The
region occupied by the ﬂuid is machined out of the upper
plate including two reservoirs and a parallel plate region
of depth h, width w and length L. Three slides are set in
slots in the bottom plate with surfaces ﬂush with the top
of the bottom plate. The two plates, made of cast acrylic,
are held together with bolts. Leakage is prevented by an
o-ring. Fluid enters the inlet reservoir through an inlet
port, is driven through the parallel plate region, ﬂowing
across the three slides and then exits the parallel plate
region, ﬂowing into the outlet reservoir and through the
outlet port. The slides are held ﬁxed by contact between
the upper plate and the portion of slide extending laterally beyond the machined channel. A cross section of the
parallel plate region is shown in Fig. 2. It is convenient to
use a rectangular Cartesian coordinate system (x; y; z) in
further discussions of the channel. The top and bottom
plates are located at y ¼ h=2 and the lateral walls are
located at z ¼ w=2 relative to this system. A schematic

Fig. 3. Cross section of ﬂow chamber in xz plane with schematic of ATR.

of the bottom plate is shown in Fig. 3. The plane x ¼ 0 is
located at the interface between the inlet reservoir and
the parallel plate region. This ﬁgure includes notation for
the ATR which will be discussed in Section 4.
The dimensions of the parallel plate channel region
for this chamber as well as three other representative
parallel plate ﬂow devices are given in Table 1. The slots
for the slides were carefully cut to a tolerance of 0.001 in.
to ﬁt high tolerance water glass slides (Erie Scientiﬁc).
Depending on the biological test, other slide materials
and coatings will be used.

Fig. 1. Schematic of ﬂow chamber.
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Table 1
Geometric parameters for ﬂow chambers
Chamber

h (cm)

w (cm)

L (cm)

b ¼ h=w

Range of Re (20 °C) for
sfd 2D 2 ½10; 55 (dynes/cm2 )

Range of Re (37 °C) for
sfd 2D 2 ½10; 55 (dynes/cm2 )

Chung et al.
Frangos et al. [24]
Nauman et al. [25]
Ruel et al. [36]

0.0254
0.0254
0.022
0.1

7.6
2.3
4.1
7.5

16.5

0.0033
0.011
0.0054
0.014

[11,59]
[11,59]
[8,44]
[166,915]

[22,120]
[22,120]
[16,90]
[338,1858]

Two diﬀerent reservoirs are compared in this work.
The height and width (x-direction) of both reservoirs are
1.6 and 1.9 cm, respectively. The length of the shorter
reservoir (shown in Fig. 1) is equal to the channel width,
w. The second reservoir is approximately 25% longer
(9.4 cm long) extending evenly on both sides beyond the
channel.
2.2. Comparison of ﬂow chamber designs
The central diﬀerences between classical parallel plate
chambers include the shape and size of the inlet and
outlet reservoir, the dimensions of the channel region,
the region occupied by the cells and the method for
maintaining the channel height.
The inlet and outlet reservoirs are designed to act as
settling chambers for the ﬂuid and thereby increase the
region in the ﬂow chamber where the wall shear stress is
close to the idealized value. While a larger chamber
enhances this eﬀect, it also increases the quantity of required perfusion ﬂuid. The byproducts of the cellular
material resulting from exposure to hemodynamic stress
is sometimes evaluated from samples of the perfusion
ﬂuid obtained during experiments [24]. By employing
smaller volumes of ﬂuid, it is possible to obtain higher
concentrations of these materials. Ruel et al. used the
inlet reservoir to provide a more uniform proﬁle at the
channel entrance at the expense of a signiﬁcant increase
in reservoir volume.
The dimensions of the channel region aﬀect the volume of circulating ﬂuid, the quantity of cells tested and
the pressure drop necessary for a given wall shear stress.
Since the wall shear stress scales inversely with the second
power of the gap, h, in order to obtain reliable wall shear
stress values the gap between the plates needs to be
precisely controlled. As the gap is decreased in size, the
signiﬁcance of a ﬁxed spacing error increases. However,
as the gap is increased, the Reynolds number increases as
does the ratio of gap height to width, b, increasing the
plate region over which both end and wall eﬀects are
important. In many of the current chambers, the width of
the chamber is slightly less than the width of a standard
slide. By increasing the plate width w, the quantity of
exposed cellular material can be increased with the additional beneﬁt of decreasing b and hence the wall eﬀects.
For the chamber introduced here, the width of the

chamber was chosen to match the length of standard
slides. Increasing the length of the chamber, L, increases
the potential cell area and decreases the percentage of
area occupied by the entrance and exit regions at the expense of increasing the pressure drop across the chamber.
An increase in pressure loss across the chamber increases
the hydrostatic head necessary to drive the ﬂow and increases the variation in pressure which the cells are exposed to across the chamber for a given wall shear
stress. Note that, depending on the system design, there
may also be a variation in average pressure in the
chamber as the desired wall shear stress is changed between tests.
As emphasized above, care should be taken to avoid
exposing cells to an inhomogeneous shear stress ﬁeld. In
some chambers, such as the chamber introduced here,
cells are conﬁned to a subdomain of one plate where it is
believed the wall shear stress is suﬃciently close to that
given in (1) [23,36,37]. In other ﬂow chambers, cells are
grown over the entire surface of one of the plates and it
is assumed that careful chamber design can suﬃciently
minimize entrance, exit and wall eﬀects [24,25]. These
issues are explored in detail in Section 4.
As already discussed, the accuracy of the wall shear
stress is particularly sensitive to the precision of the gap,
h. In the ﬂow chamber introduced here, this spacing is
set by a machined gap with a tolerance of 0.001 in. In
many ﬂow chambers the spacing is determined by the
width of a rubber gasket that is compressed between the
upper and lower plates by either a vacuum [24,26] or Cclamps [25]. In others, the gap is set by a stainless steel
plate [23].
A number of ﬂow chambers, including the chamber
described here, have been designed so that the test region can be viewed under a microscope during experimental runs (e.g., [23–25,36]).

3. Governing equations
In Section 4, we use numerical and analytical methods to evaluate the ATR in the parallel plate ﬂow
chamber. The perfusion ﬂuid is modeled as an incompressible, homogeneous, linear viscous ﬂuid. The components of the Cauchy stress tensor, referred to
rectangular Cartesian coordinates, xi , are:
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Tij ¼

pdij þ lðvi;j þ vj;i Þ;

ð2Þ

where vi are the components of velocity vector v, p is the
Lagrange multiplier arising from the incompressibility
constraint, l is the constant viscosity, the notation ð Þ;i
denotes oð Þ=oxi and repeated indices imply summation
over the values of the index i ¼ 1, 2, 3. The local form of
the incompressibility condition and equation of linear
momentum for this ﬂuid are, respectively,
vi;i ¼ 0;
qvi;j vj ¼

p;i þ lvi;jj ;

ð3Þ

where q is the constant mass density. The velocity is
prescribed to be zero on all rigid boundaries of the ﬂuid
domain. The choice of inlet and outlet boundary conditions are discussed in Section 4.
3.1. Range of parameters studied
We make use of two non-dimensional parameters:
the Reynolds number, Re, and the lateral channel aspect
ratio b,
qV h
;
Re ¼
l

h
b¼ ;
w

ð4Þ

The values of Re as calculated from (1) and (4) for wall
shear stresses ranging from 10 to 55 dynes/cm2 at 20 °C
and 37 °C for various ﬂow chambers are given in Table
1. As can be seen from this table, the Reynolds number
is substantially larger than expected when the incorrect
viscosity is used.

4. Evaluation of active test region
As previously emphasized, when biological data from
classical parallel ﬂow chambers is evaluated, it is assumed that all cells have been exposed to the same shear
stress corresponding to steady, two-dimensional, fully
developed ﬂow between inﬁnite parallel plates with velocity ﬁeld and corresponding volume ﬂow rate,


2 !

h2
dp
y
1
v¼
ex ; and
dx
h=2
8l


h3 w
dp
:
ð6Þ
Q¼
12l
dx
The stress vector t acting on the lower plate has only two
non-zero components,
t¼6

where V is the average velocity, Q=ðhwÞ. The size of the
ATR is a function of these two parameters. As shown in
Table 1, the values of b in commonly used ﬂow chambers are quite small, typically less than 0.015. The range
of wall shear stresses considered in typical parallel plate
experiments are within the range of 10–55 dynes/cm2 ,
though occasionally higher values are considered (see,
e.g., [23]).
The perfusion ﬂuids are usually treated as having the
same properties as water. At 20 °C and 1 atm of pressure, the values of q and l for water are 0.998 g/cm3 and
0.010 g/(cm s), respectively (see, e.g., [38]). Experiments
in ﬂow chambers are typically run at temperatures closer
to physiological with temperatures maintained near 37
°C and pressures of 1 atm. Under these conditions, the
density of water drops slightly to 0.993 g/cm3 and the
viscosity drops by approximately 30% to 0.0070 g/(cm s),
(see, e.g., [38]). It should be noted that care must be
taken when calculating the ﬂow rate and Reynolds
number corresponding to a desired wall shear stress.
Numerous authors have used the properties of water at
20 °C for experiments run at 37 °C. This can result in a
signiﬁcant over estimation of the wall shear stress in the
ﬂow chamber. In particular, if the ﬂow rate for an experimental run at 37 °C is chosen so as to obtain an
expected value of wall shear stress of sfd 2D (expected)
based on the viscosity of water at 20 °C, then the actual
wall shear stress sfd 2D (actual) will be,
sfd 2D ðactualÞ ¼ 0:7sfd 2D ðexpectedÞ:

ð5Þ
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Ql
e
wh2 x

ð7Þ

pey ;

where p depends linearly on the axial variable x. In what
follows, the ex component of the stress vector evaluated
at the lower plate will be referred to as the wall shear
stress and denoted as sw . The solution for sw corresponding to (6) was denoted as sfd 2D and already given
in (1).
In general, sw will be a function of both x and z due to
the eﬀects of the lateral walls and reservoirs. In this
work, we have chosen to deﬁne an ATR as the spatial
domain where the wall shear stress is within a chosen
percentage c of sfd 2D ,
100

jsw ðx; zÞ sfd 2D j
6 c:
jsfd 2D j

ð8Þ

The distance between the ATR and the channel inlet,
channel outlet and lateral walls, will be denoted as Len ,
Lex and Lw , respectively, Fig. 3. It is convenient for future discussion to deﬁne non-dimensional variables,
Len
e
;
L en ¼
L

Lex
e
L ex ¼
;
L

Lw
e
Lw ¼
:
w=2

ð9Þ

In general, the largest possible ATR, will not be rectangular. In practice, we will conﬁne cells to a rectangular
subset of this region. This choice will not be unique. The
approach taken here will be to select a value of Lw and
then determine the corresponding smallest possible
choices for Len and Lex that meet the condition (8). In our
analysis, we will, in general, consider values of c of 5%.
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Namely, within the ATR, the wall shear stress will be
within 5% of the value (1). The sensitivity of the various
modes of endothelial cell response to magnitude of wall
shear stress is still an open question. While a smaller value
of c may be necessary for some biological markers, this
choice seems to be reasonable given the magnitude of
experimental error expected for most studies.
4.1. Analytical solutions
4.1.1. Entrance eﬀects
We say that ﬂow in a pipe or channel is fully developed
when all components of the velocity ﬁeld, are independent
of axial position along the length of the pipe or channel.
When ﬂuid enters a straight tube or channel it typically
has a velocity ﬁeld diﬀerent than the fully developed form.
At suﬃciently small Reynolds numbers, we expect the
velocity proﬁle to tend towards the fully developed ﬁeld.
Since the velocity ﬁeld is an analytic function, the ﬂow
will never become fully developed in a ﬁnite distance from
the pipe inlet [39]. However, it is useful for practical
purposes to deﬁne a length from the pipe inlet at which
the ﬂow is in some sense approximately fully developed.
This distance is called the entrance length of the pipe and
is in general a function of (i) cross sectional geometry, (ii)
the inlet proﬁle, (iii) the Reynolds number for the ﬂow
and (iv) the measure being used to assess the degree of
fully developed ﬂow (e.g., [40,41]).
In some cases, analytic solutions for the entry length
exist. One classic example is the solution for entrance
length in a semi-inﬁnite two-dimensional channel based
on boundary layer theory (e.g., [42]). The velocity vector
at the entrance is prescribed to be of constant magnitude
and parallel to the channel axis. Boundary layer theory
predicts an entrance length, Le , of 0:04Re h for twodimensional channels. This estimate has been found to
be in good agreement with numerical solutions (laminar)
to the full Navier–Stokes equations for suﬃciently large
Reynolds numbers. However, in typical ﬂow chamber
experiments, the Reynolds number is too small to obtain
reliable predictions from boundary layer theory. For
example, boundary layer theory predicts zero development length for Stokes ﬂow. Perhaps more signiﬁcantly,
the inlet velocity ﬁeld is usually substantially diﬀerent
from the uniform proﬁle assumed in boundary layer
theory. The ﬂuid entering the channel has three non-zero
components rather than being uniaxial.
4.1.2. Eﬀect of lateral walls
It is straightforward to determine a quantitative
measure of the eﬀect of the lateral walls when the ﬂow
is fully developed by using the analytical solution for
steady, fully developed ﬂow in a channel of rectangular
cross section [43,44] (see, also [45,46]). With respect to
the coordinate system deﬁned above, the velocity ﬁeld,

ﬂow rate and wall shear stress for a ﬁxed axial component of pressure gradient dp=dx are
!
"

h2
dp
y2
32
1
vðy;zÞ ¼
2
dx
p3
8l
ðh=2Þ
#
1
X
ðn 1Þ=2 coshðnpz=hÞ cosðnpy=hÞ

ð 1Þ
ex ;
coshðnpw=2hÞ
n3
n¼1;3;5;...
#

"
1
h3 w
dp
192 h X
1
1
Q¼
tanhðnpw=2hÞ ;
12l
dx
p5 w n¼1;3;5;... n5
#

"
1
h
dp
8 X
1 coshðnpz=hÞ
1
:
sfd3D ðzÞ ¼
2
dx
p2 n¼1;3;5;... n2 coshðnpw=2hÞ
ð10Þ
What we are really interested in is the relationship between sfd 3D ðzÞ and Q and how this relationship compares
with (1) for ﬁxed ﬂow rate. It follows from (10) that
"
#
1
sfd 3D ð~zÞ
8 X
1 coshðnp~z=2bÞ
s~ð~zÞ ¼
¼ 1
sfd 2D
p2 n¼1;3;5;... n2 coshðnp=2bÞ
,"
#
1
X
192
1
b
tanhðnp=2bÞ ;
ð11Þ
1
p5 n¼1;3;5;... n5
where ~z ¼ z=ðw=2Þ. As seen in Fig. 4, as b is decreased,
the wall shear stress proﬁle in the chamber ﬂattens.
Signiﬁcantly, the value at z ¼ 0 is not equal to sfd 2D . For
b larger than a critical value b , the deviation from the
wall shear stress at the center of the chamber and sfd 2D
will be so large that (8) will not even be met in the center
of the chamber, Fig. 5. This is not an issue for the ﬂow
chambers considered here, where b is less than 0.015. If
the ﬂow were fully developed throughout the channel,
e
L w could be determined by the value of ~z for which
sfd 3D ð~zÞ satisﬁes the equality in (8). It follows from (11)
and (8) that, e
L w will only be a function of b and is in-

Fig. 4. Non-dimensional wall shear stress as a function of ~z for
b ¼ 0:05, 0.1, 0.2.
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Table 2
Values of e
L w and Lw in published ﬂow chambers, based on
analytic solution for fully developed ﬂow with c ¼ 1:0%, 5.0%
e
w=2 (cm) Lw (cm)
Chamber
b
Lw

Fig. 5. Non-dimensional wall shear stress as a function of aspect ratio b for ~z ¼ 0.

dependent of the Reynolds number, unlike the estimates
provided using boundary layer theory for a ﬂat plate
used in [36]. In Fig. 6, the value of e
L w is shown as a
function of b for two criterion: c ¼ 1:0% and 5.0% for
three ﬂow chambers. The values of Lw for the chambers
discussed above are shown in Table 2. In all cases, the
lateral region outside the ATR is quite small, less than
0.035 cm or less for all chambers, even using a criterion
of 1.0%. This is only 3% of the half width for even the
most narrow chamber. However, this is the minimum
value we could expect for Lw and may lead to an extremely small ATR. As will be discussed in Section 4.2 it
will be advantageous to choose larger values of Lw in
order to increase the size of the ATR.
4.2. Numerical analysis
4.2.1. Numerical formulation
In preliminary numerical studies, the ﬂow ﬁeld was
found to develop rapidly for the range of Reynolds
numbers and geometries considered here. As a result,
our numerical studies were made in half models of the
ﬂow chamber to reduce computational time and mem-

Fig. 6. Dependence of e
L w on b for c ¼ 1:0%, 5.0%.

5.0% Criterion
Chung et al.
Frangos et al. [24]
Nauman et al. [25]
Ruel et al. [36]

0.0033
0.011
0.0054
0.014

0.0058
0.019
0.0093
0.023

3.8
1.15
2.05
3.75

0.022
0.021
0.019
0.088

1% Criterion
Chung et al.
Frangos et al. [24]
Nauman et al. [25]
Ruel et al. [36]

0.0033
0.011
0.0054
0.014

0.0088
0.027
0.014
0.034

3.8
1.15
2.05
3.75

0.034
0.031
0.029
0.126

ory requirements. The computational domain for each
half model consisted of a connecting segment of pipe,
the reservoir and one half of the channel region, Fig. 7.
For the studies of Len , the ﬂuid entered the computational domain at the pipe opening, C1 , and exited at the
outlet of the half chamber model C2 . The velocity was
prescribed to be zero at the solid walls, while at C1 and
C2 , the following condition was prescribed


ov
l
ni pn jCa ¼ Ca n for a ¼ 1; 2;
ð12Þ
oxi
where n is the outward normal to the surface, C2 was set
to zero and C1 was chosen to obtain a desired ﬂow rate.
Due to the symmetry of the ﬂow chamber, the same
numerical domain could be used in reverse for the
studies of Lex , with ﬂuid entering the half chamber at C2
and exiting at C1 . The boundary conditions were identical to those for the entrance studies with C2 set to zero
and C1 chosen to achieve the same ﬂow rate. For further
discussion of the numerical implementation of the
boundary conditions of the form (12) in the ﬁnite element method see, for example [47] and for the mathematical aspects of this boundary condition, see, for
example, [48,49].
The computational analysis was performed utilizing
the commercial software package ADINA, version 7.5
(Automatic Dynamic Incremental Non-linear Analysis,
Watertown, MA) based on the ﬁnite element method. A
combination of non-uniform regular and irregular meshes were employed in the computational domain, Fig.
7. A rule-based mesh (regular mesh) was used in the
channel while a free-form mesh (irregular mesh) was
used for the reservoirs and inlet and outlet pipes. Particular attention was paid to mesh density near the lateral walls, the junction of the pipes and reservoirs as well
as at the junctions of the reservoirs and channel due to
steep velocity gradients in these regions. The mesh density in the channel was decreased gradually with increasing distance from the reservoir.
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Fig. 7. Distribution of mesh in computational domain for shorter reservoir.

Four-node tetrahedral elements were generated using
a Delaunay mesh algorithm. These elements employ a
linear interpolation function (shape function) for pressure and a bubble function to interpolate the velocities
[47,50]. The steady Navier–Stokes equations with the
boundary conditions described above were solved numerically using a Newton–Raphson iterative scheme for
non-linear systems coupled with a sparse solver that employed the Gaussian elimination method. An upwinding
scheme was used to overcome numerical instabilities at
larger Reynolds numbers. Iterations were stopped when
the Euclidean norm of the correction in pressure and
velocity over all elements was less than 0.001 of the Euclidean norm of the new values for pressure and velocity.
To determine a satisfactory mesh density for the
studies, the mesh was systematically reﬁned by increasing the mesh density throughout the computational domain in steps of 10,000 elements. Mesh reﬁnement was
considered suﬃcient when a 10,000 element increase in
density resulted in less than a 4% change in Len . Results
of the study are shown in Table 3 for two diﬀerent
choices of Lw . Based on the mesh reﬁnement studies,

Table 3
Results from mesh reﬁnement study
Number of elements

Len (cm)

Lw ¼ 0:21 (cm)
60,000
70,000
80,000

2.21
3.02
3.62

Lw ¼ 0:031 (cm)
60,000
70,000
80,000

3.62
3.62
3.62

80,000 four node tetrahedral elements were used in all
computational studies.
4.2.2. Numerical results
Shown in Fig. 8 are representative contours of wall
shear stress for a Reynolds number of 33.1 in half of a
longer reservoir chamber. As discussed previously, the
choice of the ATR is not unique. Rather, a value of Lw is
selected based either on experimental considerations or
design considerations, for example to obtain an entrance
length below a speciﬁed value. The ATR for two different choices of Lw (Lw1 ¼ 0:031 cm, Lw2 ¼ 0:21 cm) are
shown in this ﬁgure. The resulting entrance lengths are
Len1 ¼ 0:95 cm and Len2 ¼ 0:14 cm and the area of the
corresponding ATR are 110.5 and 116.9 cm, respectively, Table 4. For chambers with the shorter reservoir,
the drop in Len can be even more marked with Len decreasing an order of magnitude or more as Lw is increased from 0.031 to 0.21 cm.
In Figs. 9 and 10, the dependence of e
L en and e
L ex on
Reynolds number is considered for two diﬀerent values
of e
L w for the shorter reservoir. In both cases, Reynolds
numbers of 16.1, 33.1, 51.8 are chosen, corresponding to
sfd 2D (at 20 °C) of 15.0, 30.1, 48.0 dynes/cm2 . In Fig. 9,
e
L w is chosen as 0.008, corresponding to Lw ¼ 0:031 cm,
while in Fig. 10, e
L w ¼ 0:055, (Lw ¼ 0:21 cm). As can be
seen from these ﬁgures, e
L en and e
L ex increase with increasing Reynolds number, as expected. The eﬀect of the
outlet reservoir is typically less signiﬁcant than the inlet
reservoir, namely, e
L ex is typically less than e
L en . Comparing Figs. 9 and 10, it can be seen that e
L en and e
L ex
decrease when e
L w is increased, consistent with Fig. 8.
The eﬀect of lengthening the inlet reservoir can be
L ex
seen in Figs. 11 and 12 in which the values of e
L en and e
are compared for the two reservoirs with Re ¼ 33:1,
51.8. The value of e
L w in Figs. 11 and 12 are respectively,
0.008, (Lw ¼ 0:031 cm) and 0.055 (Lw ¼ 0:21 cm). The
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Fig. 8. Representative ﬁgure of contours of constant wall shear stress and two possible ATRs.

Table 4
Summary of size of active test region as a function of Re and Lw for two reservoir geometries
Re

Lw (cm)

Shorter reservoir
Len (cm)

Lex (cm)

Longer reservoir
Area of ATR (cm2 )

Len (cm)

Lex (cm)

Area of ATR (cm2 )

16.1
33.1
51.8

0.031
0.031
0.031

3.02
3.02
3.62

1.75
1.75
2.22

88.7
88.7
80.6

–
0.95
1.33

–
0.95
0.95

–
110.5
107.6

16.1
33.1
51.8

0.21
0.21
0.21

1.33
1.75
2.22

0.95
1.33
1.75

102.5
96.7
90.2

–
0.14
0.60

–
0.14
0.14

–
116.9
113.6

e en and L
e ex on Reynolds number for
Fig. 9. Dependence of L
e
L w ¼ 0:008, (Lw ¼ 0:031 cm) and Re ¼ 16:1, 33.1, and 51.8
(sfd 2D ¼ 15:0, 30.1, 48.0 dynes/cm2 ).

e en and L
e ex on Reynolds number for
Fig. 10. Dependence of L
e
L w ¼ 0:055, (Lw ¼ 0:21 cm) and Re ¼ 16:1, 33.1, and 51.8
(sfd 2D ¼ 15:0, 30.1, 48.0 dynes/cm2 ).
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Fig. 11. Comparison of e
L en for two reservoirs for e
L w ¼ 0:008,
(Lw ¼ 0:031 cm) and Re ¼ 33:1, 51.8 (sfd 2D ¼ 30:1, 48.0 dynes/
cm2 ).

e ex for two reservoirs for e
Fig. 13. Comparison of L
L w ¼ 0:008,
(Lw ¼ 0:031 cm) and Re ¼ 33:1, 51.8 (sfd 2D ¼ 30:1, 48.0 dynes/
cm2 ).

Recall the entrance length predicted from boundary
layer theory for steady ﬂow in two-dimensional channels, Le ¼ 0:04Re h. This theory predicts Le of (0.016,
0.034, 0.053 cm) for Reynolds numbers of (16.1, 33.1,
51.8) considered here. We can compare the values for Le
with the values given in Table 4 for Len , the entrance
length predicted by the much less stringent criterion that
the ﬂow ﬁeld be within 5% of sfd 2D . If cells are to be
grown close to the lateral wall then the smaller value of
Lw of 0.031 cm should be used. For the chamber used
there, the value of Len is then 25–190 times greater than
that predicted by boundary layer theory and can be as
large as 3.62 cm. If the larger value of Lw is chosen
(Lw ¼ 0:21 cm), then Len is between 4 and 83 times Le .

Fig. 12. Comparison of e
L en for two reservoirs for e
L w ¼ 0:055,
(Lw ¼ 0:21 cm) and Re ¼ 33:1, 51.8 (sfd 2D ¼ 30:1, 48.0 dynes/
cm2 ).

increase in length of the reservoir markedly improves the
values of both e
L en and e
L ex for all Reynolds numbers
considered. In Fig. 13, the eﬀect of the reservoir length
at two diﬀerent Reynolds numbers is shown. The eﬀect
of increasing the reservoir length is to substantially decrease the necessary exit length for ﬁxed e
L w . These results are summarized in Table 4. From a practical point
of view, the value of Len is signiﬁcant unless the larger
value of Lw is chosen and the longer reservoir is used. If
not the value of Len is on the order of 1 cm and can be as
large as 3.6 cm for the Reynolds numbers and geometries considered here. While the current ﬂow chamber
has a region for ﬂow development upstream and
downstream of the test region, this is not the case in
most ﬂow chambers.

5. Discussion
In classical parallel plate devices, it is assumed that all
cells in the chamber are exposed to nearly the same shear
stress. Due to reservoir and wall eﬀects, the stress ﬁeld is
inhomogeneous and can vary more than 80% over the
width of the chamber, even in the fully developed region.
We have performed a detailed analysis of the shear stress
distribution in a novel parallel plate chamber and obtained a numerical solution to the non-linear, threedimensional Navier–Stokes equations throughout the
chamber, including the reservoirs. These results were used
to calculate the wall shear stress in the channel and to
identify a region (the ATR) where the wall shear stress is
within 5% of the idealized constant value. Endothelial
cells can be conﬁned to this region during testing to
guarantee a nearly uniform wall shear stress.
Two reservoir designs were considered. It was found
that lengthening the reservoir by 25% so that it extends
beyond the lateral walls of chamber substantially de-
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creased both the entrance region Len and exit region Lex ,
in some cases by more than 75%. A reservoir of this type
was previously used by Frangos et al. [24]. A second
design feature used by Frangos and not considered here
was to place a vertical narrow slit between the reservoir
and chamber region. Though not necessary in this
chamber, the upstream slit will help decrease the required entrance and exit regions in the chamber region.
The choice of the ATR is not unique but depends on
the choice of Lw . Two diﬀerent values of Lw were considered in the numerical analysis, both larger than the
minimum value predicted from the fully developed solution. Increasing the value of Lw from 0.031 to 0.21 cm,
increased the size of the ATR by decreasing Len and Lex .
In the chamber introduced here, a series of three
slides are used. The ﬁrst and last slides are physically
located 2.2 cm from the chamber inlet and outlet reservoirs, respectively. Using the larger reservoir design
and taking care not to culture cells in the outer 0.031 cm
of each slide assures the values of Len and Lex will be
small enough for all three slide to lie completely in the
ATR. The importance of the reservoir design is evident.
For the smaller reservoir, the larger value of Lw must be
used even for small values of the Reynolds number.
Previous researchers have used both boundary layer
theory and experiments to estimate the region over which
this inhomogeneity is signiﬁcant. However, these results
have provided erroneous results due to limitations in
boundary layer theory and experimental challenges due
to the small gap found in most ﬂow chambers. Boundary
layer theory can dramatically under predict the region
necessary to guarantee wall shear stress will be within 5%
of the desired constant value. For the geometries and
Reynolds numbers considered here, the entrance length
at a Reynolds number of 51.8 is 1.33 cm for the longer
reservoir and 3.62 cm for the shorter reservoir when the
cells are grown nearly conﬂuent with the wall.
It should also be emphasized that even when the
streamlines are parallel to the wall, the wall shear stress
need not be close to sfd 2D . This is clear from the solution
for fully developed ﬂow in a channel, Fig. 4, where the
ﬂow is parallel to the wall everywhere, yet the wall shear
stress can drop by more than 80% between the central
and wall values.
The dependence of ﬂuid viscosity on temperature
should be taken into account when determining the ﬂow
rate necessary to obtain a desired wall shear stress. The
variation in viscosity of the perfusion ﬂuid between
room temperature and typical experimental conditions
can result in more than a 40% over prediction of the wall
shear stress.
A parallel plate device has been designed, built and
characterized. This chamber provides a surface area of
over 85 cm2 distributed over three distinct slides in a well
deﬁned active test region. Additional slides can be added
by extending the length of the chamber, at the expense of
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increasing the pressure drop across the chamber. While
the pressure variation across the chamber will increase,
the variation across each slide will remain linearly proportional to the slide width. The application of numerical methods for design of ﬂow chambers is extremely
useful. Without knowledge of the active test region, it
would not be possible assure that cells were exposed to
nearly uniform shear stress. Alternatively, when conservative approaches are taken, potential test area will
be wasted.
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